In the brane world scenario, possessing the self-tuning property of the cosmological constant, we study the probability amplitude for an initial state of the Universe to transform to final states with some curvatures. In the Kim, Kyae and Lee model, there exists a finite range of parameters such that the transition amplitude to a near flat universe is exponentially dominated by the smallness of curvature, e positive number/ Λ 2 , i.e. is dominated by an almost flat universe of |Λ| < ǫ.
where the Euclidian action I E is calculated with the wave function specified by the metric g and the initial state |I .
In 4 dimensions(4D), the CC is a fixed parameter and we can infer naively that e −IE [g] diverges for a small Λ as e (positive constant)/ Λ , leading to the probability amplitude dominated by a large positive exponent for Λ = 0 + [4] . The detailed reason for (positive constant)/ Λ in the exponent in the Euclidian space comes from the Euclidian action −I E = d 4 x E ( 1 2 R E − V 0 ) where V 0 is the vacuum energy. The Einstein equation relates the curvature Λ to the vacuum energy, Λ = V 0 . In the maximally symmetric space, the Einstein tensor is simply related to the curvature by R µν = Λg µν , R E = 4Λ and hence 1 2 R − V 0 = Λ. So, we notice that the contribution to the Euclidian space integral from 1 2 R E for the de Sitter (dS) space case is positive, dominating the negative contribution of the particle physics contribution, −V 0 . Hawking used this fact to state, "Cosmological constant is probably zero."
However, one should notice that this argument of choosing Λ = 0 + is based on the fact that the Euclidian space action −I E is dominated by one negative power of Λ as 1/ Λ. If it is dominated by two negative powers of Λ as 1/ Λ 2 , which is not unreasonable in self-tuning models, the argument changes completely to the case that Λ = 0 is approached from the Anti-dS(AdS) space side. In fact, we will show in this paper that this behavior is happening in the self-tuning model of Kim, Kyae and Lee(KKL) [5, 6] . It is well known that in 4D the first CC problem is a fine-tuning problem and it does not have a solution [1] . Furthermore, one needs a large vacuum energy for inflation in the very early universe, exiting to a final state with a negligible vacuum energy. To understand the first CC problem, therefore, one may go beyond 4D with extra space dimensions. For example, with one extra space added, i.e. in 5D, the amplitude Λ f |I may not be proportional to a delta function and then one can literally talk about the probability of transition from |I to |Λ f . This has been a reason for the renewed CC study in 5D at the turn of the century [5] [6] [7] [8] [9] , under the name of selftuning solutions. In a typical Randall-Sundrum model of type II (RS-II) [10] , the 5D bulk CC Λ b must be finetuned to a certain value of the brane tension Λ 1 . This requires a fine-tuning and does not lead to a solution even in 5D [8, 9] . The only existing self-tuning model in 5D is the one presented in Ref. [5] . Here, we do not worry about how such a KKL term, starting from a fundamental Lagrangian, can be written below the 5D fundamental scale scale. 1 We try to investigate just the effect of the self-tuning property of some theory. The self-tuning model of Ref. [5] shows a certain nice behavior. The flat solution is possible for some finite range of the brane tension Λ 1 compared to the 5D AdS bulk cosmological constant Λ b [12] . This situation is depicted in Fig. 1 . If the brane tension Λ 1 is in the red color region of Fig. 1 , only the dS space solution is allowed. The brane tension Λ 1 is determined by dynamics of the observable sector at the brane. So, this can be used as a model for inflation at the brane. Then, the inflationary phenomenology is described by physics at the brane.
The exit from the inflationary period always accompanies a huge change of the vacuum energy. So, after the inflation Λ 1 changes drastically to be placed in the green region of Fig. 1 where dS, flat and AdS solutions are possible. In this paper, we will begin physics from a new Λ 1 placed in the green region of Fig. 1 , and then estimate the transition amplitude to flat, dS and AdS solutions. This setup does not have any ambiguity for the initial state condition after inflation. We choose it to be the eigenstate of the Hamiltonian, |Λ 1 , in the green region.
So, our strategy to solve all CC problems is using a self-tuning solution containing a flat-space-forbidden region. At present, we are not sure about that this property survives in all self-tuning models. The first CC problem is solved just by showing a diverging probability of (1) in the flat-space-allowed region, which is our main calculation in this paper. The second CC problem is solved just by assuming the Universe starting from a flat-spaceforbidden region in self-tuning models. The third CC problem is attributed to a small difference of the potential energy in the brane as done in Ref. [13] , which is not repeated in this paper.
from a fundamental Lagrangian along the line of Wilson and Weinberg [11] . At present, we are far from adopting this strategy.
II. EIGENSTATES OF THE UNIVERSE
In the one-brane world scenario with a Z 2 symmetry, we assume that there exists the brane tension Λ 1 at the y = 0 brane and the bulk (y = 0) cosmological constant Λ b as in the RS-II model [10] . There exists a Z 2 symmetry: y → −y. In addition, we assume that there exist(s) additional fields such that self-tuning solutions are possible as done in terms of three index antisymmetric tensor gauge field A MN P and its field strength H MN P Q in [5, 6] . For a given Λ 1 , it is possible to have multiple solutions. For simplicity of discussion, we restrict to the maximally symmetric spaces of flat, dS, and AdS solutions. In quantum mechanics, our initial state vector is,
The bulk cosmological constant Λ b is a God-given number in the theory and is not a changeable parameter. However, Λ 1 is treated as a changeable parameter due to physics at the y = 0 brane. A sudden change of Λ 1 at the brane is a new state chosen by a filtering process in quantum mechanics. We assume that the complete set of maximally symmetric states in the bulk of the Universe covers flat, dS and AdS states
where h denotes integration constants in the bulk in selftuning models and the 4D curvature Λ is assumed to be independent of y. Consider an initial state |Λ 1 . It is immediately related to a nearby bulk state which we again call |Λ 1 . Technically, this corresponds to the boundary conditions of the bulk field values at y = 0 + . This properly-connected bulk state corresponds to the brane with the tension Λ 1 . This boundary condition does not choose the curvature Λ uniquely, and here we talk about the probability amplitude to choose a Λ. Namely, we are interested in the probability amplitude C(Λ, h i ) obtaining a Λ universe, starting from the brane tension Λ 1 ,
where
The probability amplitude is the form given in Eq. (1), and the relevant factor is
where Ψ is the warp factor introduced in the metric.
III. SOLUTIONS OF THE SELF-TUNING KKL MODEL
To show some effect of self-tuning models in the CC problem, we take up the known example [5] whose key points are summarized below. In the 5D Euclidian space with one 3-brane at y = 0, the KKL model with the three index antisymmetric-tensor gauge field A MN P is given by [5, 6] ,
where the 5-dimensional fundamental scale M is set to 1, H MN P Q is the field strength of A MN P , ′ denotes the derivative with respect to y and the metric is given by
The solution satisfying the field equation and the Bianchi identity has been given in [5, 6] for
with n(y) = h
, where the Greek indices µ, ν, · · · run over the 4D space. Then,
, where h is the integration constant (with h > 0) determined by the solution of the differential equations with appropriate boundary conditions. Two relevant bulk Einstein equations are [6] 
Or, keeping the brane Λ 1 term also, we have
plus one of (10), where
From the flat-space solution [5] , Y of the form Y = A[sech(ky + c 0 ) + c(y)] can be tried for the nearby dS and AdS solutions
where the argument of sech is (ky + c 0 ). So, for the flat, dS, and AdS cases, we determine
IV. THE PROBABILITY AMPLITUDE
In calculating the probability amplitude in 4D with H µνρσ , there have been some arguments which value of the H 2 term must be used in the action integral. For example, with the Λ and R terms, Duff shows that substituting an ansatz into an action and varying that action does not yield the same result as substituting an ansatz into the equation of motion [14] . To obtain the same result, Duff considers a surface term ǫ µνρσ H µνρσ [15] , which does not change the equation of motion. If a surface term value is added under Duff's condition, he shows that it amounts to changing the sign of H 2 term in the action integral [14] and concluded that the probability amplitude for Λ = 0 is least probable with H µνρσ . Recently, however, Wu obtained the opposite result from that of Duff [16] . This example shows that we need a care when surface terms are considered.
In our case also, we may consider a surface term (due to x-independent Ψ 8 /H 2 ), in the language of the first order formalism of Ref. [15] ,
and so we need a care. When a surface term is considered, it involves instanton solutions and hence the vacuum structure must be properly defined as done in QCD.
In our case at hand, we must consider an ϕ-vacua, similar to the θ-vacua of QCD. For the simplicity of the algebra, we show the ϕ-vacuum with the H 2 term. [For 1/H 2 term, the argument goes in parallel.] For two antisymmetric indices from µ, ν, ρ, and σ, there are six ( 4 C 2 = 6) independent second rank antisymmetric gauge functions, for which A µνρ transforms as
The gauge symmetry of the instanton solution is given by any six directions of Λ µν , three for the instanton (Λ ij ) and three for the anti-instanton (Λ 0i ) and the instanton action is d 5 x∂ y ǫ µνρσ H µνρσ . Namely, there exist maps of
For the surface term d 4 xH µνρσ to be finite, H µνρσ should tend to r −4 for a large r. In the bulk, it arises from a 2D curl in 5D,
So a gauge invariant instanton of size ρ located at x = x 0 takes the form
so that A µνρ is proportional to r −3 , and H µνρσ is proportional to r −4 . The gauge symmetry of the instanton solution is given by any six directions of Λ µν , three for the instanton (Λ ij ) and three for the anti-instanton (Λ 0i ) and the instanton action is d 5 x∂ y ǫ µνρσ H µνρσ . In nonabelian gauge theories, there are many possible gauge configurations such that the irreducible instanton solution give many possible integers for the Pontryagin index. On the other hand, in our case at hand H µνρσ instanton gives only ±1 for the Pontryagin index. Now, let us construct a gauge invariant ϕ-vacuum,
In the ϕ-vacuum let us integrate out the H 2 field first. Then, what Duff chose is equivalent to ϕ = π and what Wu chose is equivalent to ϕ = 0. As in the θ-vacuum of QCD, any value of ϕ is a possibility.
As commented above, this ϕ-vacuum can be defined also with the 1/H 2 term. We calculate the action integral for ϕ = 0 [with the original sign of the 1/H
2 term] and π [with the sign of the 1/H 2 term flipped]. For any other values of ϕ, the value of the action integral is between them.
In the maximally symmetric space with a constant Λ, the Euclidian Ricci scalar is R = 4Λ, and hence we consider the quantity in the curly bracket of Eq. (7), neglecting the surface term but with the plus and minus signs of the 1/H 2 term, as
, which is integrated over the 4D Euclidian space, from 0 to a max , and then over the warped 5th space, from 0 to d m . a is the length parameter in the maximally symmetric 4D space, a 2 ∝ 1/|Λ|, d m is the y-space size. The integration region in the 4D space is up to a max where a max = aξ max with ξ max = 1 and ∞ for the dS and AdS spaces, respectively. For the flat space, the curvature part of the 4D integral is 0 but we keep the particle physics part as if it has a finite Λ, perform the y integration, and finally take the limit Λ → 0. 
where the last factor denotes the result of the y integration. All expressions are proportional to M 4 P / Λ 2 . In the KKL model, y H is the horizon distance in the 5th direction and y P is the first y value where Ψ ′ = 0 [5] . The y integration can give a positive or a negative result, depending on the value of Λ 1 .
To have a positive result, including the brane tension contribution, the following condition must be satisfied
where F (c 0 /k, d m ) is the result of the integration. If the condition (22) is not satisfied, Λ = 0 would be least probable. In the integral, the following one is the dominant contribution to the 1/ Λ 2 term,
where ± corresponds to ϕ = π, 0, respectively, and the arguments of sech is (ky + c 0 ). c 0 is the argument at y = 0. The integral is a function G(y), and , respectively, for ϕ = π and 0. With the inequality (22) satisfied, a schematic behavior of −I E is shown in Fig. 2 , with an exaggerated dS part.
We are interested in the parameter space where Eq. 
from which we note:
• The exponential factor diverges at least as e |const.|/ Λ 2 , which is equivalent to almost going to the flat space regime.
• The dominant contribution to the divergence is from the AdS vacuum energy Λ b , and a somewhat smaller bulk matter(H MN P Q ) contribution has the same sign as that of the AdS energy contribution.
• Near Λ = 0, the AdS space is preferred. But, slightly outside Λ = 0, the dS solution is preferred.
V. CONCLUSION
We have shown that self-tuning models may solve two CC problems, one the fine-tuning problem and the other the huge inflationary vacuum energy problem. The solution of the fine-tuning problem needed an AdS bulk with an extra dimension(s) and an appropriate range of the brane tension, and the solution of the inflationary vacuum energy problem needed a solution region where the flat space is forbidden. Even though we used a specific example in deriving these features, they may survive in other self-tuning models.
